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TECHNICALNO’D34026
EFFECTSOFTHERMAL
ONMEASUWNENTS
RELAXATIONA DSPECIFIC-HEATCHANGIS
WITHA PNEUMMZC-EROBEPYROMETER
By P.W. Kuhns
Equationsarederivedwhichevaluatetheeffectsofthermalvibra-
tionalrelaxationandspecific-heatchangesonpne-tic-probepyrometer
measurementsintheregion1000°to 3000°K and0.3~ Machnumber< 2.0.
Examplesaregivenfortypicalprobesin twoccmhstionmixtures.
INTRODUCTION
Duringrecentyearsmuchinteresthasbeenshownin theproblemof
theeffectsof thermalrelaxationordisequilibriumofvibrationalmodes
of excitationonvariousaerodynamicprocesses.Theeffectofthevibra-
tionalrelaxationtimeonthethicknessof shockwaveshasbeenirwesti-
gatedin reference1,andtheshock-wavethicknesshasbeenusedto
measurerelaxationtimesinreferences2 to4. Theeffectofvibrational
relaxationtimeonflowthrougha rwketnozzleis studiedinreference
5. Themannerinwhichvibrationalrelaxationaffectsthemeasurement
oftotalpressurehasbeenusedto findthevibrationalrelaxationtimes
ofsomegasesin references6 to9. A discussionoftheeffectsofre-
laxationon scnuenozzleprocessesisfoundh reference10.
A reviewofvibrationalrelaxationmeasurementsi presentedin
reference11witha fairlycompletebibliography.Thisreportalsocon-
tainsa tableofroantemperaturevaluesoftheaveragernmiberofcolli-
sionsnecessarytoachievevibrationalre~tion as foundbymanyin-
vestigators.Sincethatthe (1951),workhasbeendoneboththeoretically
(refs.12to 14)andexperimentally(refs.2,3,4, 8, 9, 15,16,and17)
inthedeterminationfvibrationalrelaxationtimes.A morerecentre-
viewofrelaxationphenomenandtheirmeasurementmaybe foundinrefer-
ence18.
~s reportconsiderstheproblemoftheeffectsofvibrationalre-
laxationonpneumatic-probetemperaturem asurements.Thepneumatic-
probepyrometerdoesnotdirectlymeasurethegastemperaturebutmeasures
2 NACATN4026
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otheraerodynamicquantitiesandrelatesthemtothegastemperatureby —
meansottheoreticalequations.Thebasicformulationfthemethodmay
be foundinreferences19to 23. Scxnexperimentalresultsusingthe F
methodarereportedin reference21. Reference23presentsdatacompar-
ingtheresultsofthemethodwithsimultaneousdatafromthermocouple
andsodiumD linereversalmeasurements.
As thegasflowsfromthefreestreamintothepyrometer,it suffers
a Wrtials~-tion becauseofthepresenceoftheprobebow =d ~ #
accelerationbecauseofthepressuredropin theprobe.Theresultisa c
rapidchangeintheavailablethemalenergy.Therelaxation(respmme) c.
timesof somevibrationalmodesofthermalexcitationaresuchthatthe
modescannotfollowthesechsuges.As a result,thecriticalvelocity
intheprobeandthetemperatureas calculatedareaffected.
Eq–wtionsarederivedhereinwhichcanbe usedto correcthemeas-
uredparametersin sucha wayas to obtainthepropertemperaturewhen
thevibrationalmodesofa molecularspeciesareonlyprtiallyrelaxed.
By usingtheseequations,theeffectsofthermalrelaxationa dspecific-
heatchangesonthemeasuredtotalpresstie,thecalculatedtotaltemper-
ature,thecriticalvelocity,andthemass-flowrateareconsidered.
TheeqUationsareevolvedina generalformsothattheymaybe appli-
— —
cableto similarflowproblems.
Outlineof
As anaidinreading
THEORY
SubscriptsandSuperscriptsU ed
thetext,thefollowingguideto
andsuperscriptsi presented.A completelistof symbols
inappendixA.
Subscripts.- Themagnitudeofmanyofthequantities
pendentuponthestateofrelaxationor equilibriumofthe
.
.f-
—
—
thesubscripts
ispresented
u edis de-
modesof
thermalexcitation.Forconvenienceit ispossibleto groupthemcdes
ofthermalexcitationofallthedifferentmoleculesina gasaccording
totheirprobablestateofthermalequilibriumordiseq~libriumathe
firstnozzleof thepneumaticprobe(fig.1).
Thefirst
quantityisto
none
P
subscriptdenotestherelaxationgroupintowhichthe
be placed.
allmodes
relaxedmodes
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Thereareextremesinthequantitiesgroupedas relaxedmodes.
Theseextremesoccurwhenthepartiallyrelaxedvibmtionalmodeapproaches
eitherfullrelaxationoran unrelaxedstate.Theseextremesaredenoted
by:
R relaxedmodeswhenpartiallyrelaxedmodeisassumedrelaxed
u relaxedmodeswhenpartiallyrelaxedmodeisassumedunrelaxedor
“frozen”
z relaxedmodeswhenpartiallyrelaxedmodeisassumedunrelaxedand
specificheatsofallmodesareassumedtobe independentof
temperature
Theothermodesaredesignatedas follows:
B partiallyrelaxedvibrationalmodes
x vibrationalmodeswhichareconsideredunrelaxedorfrozen
Thus,
.
A secondsubscriptdenotingthestationwherethequantityis tobe
takenisshownas0, 1, 2,3,or4.
Superscripts.- Usuallythestateofrelaxationalsodenotesthe
temperatureatwhicha quanti@is considered.Whenthereareexceptions,
thetemperaturestateatwhichthequantityis tobe takenisgivenby a
superscript.
Thw, EB is theener~ ofthe B modetakenat thetemperatureof
the B mode,while ~ is theenergyof the B modetakenat thetem-
peratureofthe P modes.
Thereisalsoa differencebetweenthemeasuredquantitiesandthe
quantitiesinvolvedin thetheoreticalequat~ns.Themeasuredquanti-
tieswillbe designatedbythesuperscript.
TheoryofOperation
Inthepneumatic-probemethodofgastemperaturem asurement,he
totaltemperatureisusuallyfoundby usingthefollowingprocedure,
withreferencetofigure1:
4 NACATN4026
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(1)A pressuredropthroughthenozzlesis establishedby an exhaust
systemlargeenoughthattheflowthroughbothnozzlesbecomescritical.
Themassflowreachesa msximumvalue(ref.23). =
(2)Afterpassingthroughthefirstnozzle,thehotgasis cooled
beforereachinga secondnozzle.
(3)Thetotalyressurefi andthetotaltemperatureT% at the
secondnozzlearemeasured.
(4)Theflowin theprobeishaltedandthetotalpressureP; is
measuredat thefirstnozzleusingtheprobeas a pitottube.
(5)ThetruetotaltemperatureTO ofthegasisobtainedasa
functionoftheabovemeasurementsfromaerodynamicrelationsequating
themassflowsthroughthetwonozzles.
VelocityProfiles,RelaxationTimes,andSpecific-HeatChanges
Inmakingthemeasurementsoutldnedin theprecedingsectionthe
gasflowischangedsomewhat.Suchchangesingasflowcan,undersome .
circumstances,affectthemeasurements.
As thegaspassesfrcmthefreestreamintotheyrobe,it isfirst s-
sloweddownby thepresenceoftheprobeandthenspeededupby thepres-
suredropat thenozzle.Thisis showninfigure2,whichpresents
measuredvelocityprofilesbelowa free-streamMachnumberMl = 1 for
thecenterstreanildneofa simulatedprobeandshowstheprobeshape
drawnto scale.
Theinequalityin thedeceleratingandacceleratingdistances(and,
thus,times)shouldbe notedin figure2. Forthetypicalprobesize
(D= 1/2in.j d x 1/8in.) ina gasat 2500°K witha free-streamMach
numbernear1,thedeceleratingtimeisabout10microseconds;theac-
celeratingtimeisabout1 microsecond.
If thecomponentsofa gasaretor-in in equilibriumduringthis
process,energymustbe exchangedbetweenmoleculesandbetweenmodesof
thermalexcitationofthemolecules.Ifthisexchangetakeslongerthan
theacceleratingttie,thegaswillnotbe in completequilibrium,and
theflowthroughthenozzlewillbe affected.
WhenthepressureP; isbeingmeasured,theflowthrcmghthe
nozzleis stopped.Thevelocityrefilenowislikethatshowninfig-
?ure2 forthevelocityratio U2 U1 = O. If thetimea gasmolecule
.*
---
.
*NASATN4026
takesto stopinfrontoftheprobeis onthesameorder
as thetimetoreachequilibrium,themeasuredpressure
affected.
5
ofmagnitude
* willbe
At thetemperatures,pressures,andvelocitiestowhichtheprobes
areusuallysubjected,therotationalandtranslationalmodesofthermal
excitationestablishequilibriuminlessthan1/10microsecondsothat
theycanfollowtheenergychanges.However,somevibrationalmodes
cannotfollowthechanges,havingrelaxationtimes T of0.1to
10,000microseconds.
Theeffectofthisrelaxationtimeupontemperatureis shownin
figure3,inwhicha gasmixtureisasswedthat,at thefirstnozzle,
hasinitsconstituentsoneofthreevibrationalmodes:cmethatis re-‘
laxed(inequilibrium),a vibrationalmodethatisunrelaxed(unaffected),
andonethatispartiallyrelaxed.Thetemperatureandvelocityat the
secondnozzleareusuallysolowthatanyeffectsduetorelaxationmay
be neglected.
It shouldbenotedin figure3 thatnotonlydoestherelaxationof
a vibrationalmodeaffectthetemperatureofthatmode,but,because
energymustbe conserved,itaffectsthetemperaturesofallrelaxed
modes.
Thettietoreachequilibriumismeasuredby therelaxatio~time,
whichis definedby theequation(refs.11and18):
&%=-+(%-%) (1)
forconstantvibrationalspecificheats.
Towriteequation(1)itwasasswedthatthespecificheatswere
constantduringtheenergychange.However,by usinga veryroughcalcu-
lationit iseasilyseenthatevenat subsonicspeedsthetemperature
ofthegasmayvaryasmuchas 20percentwhenthegaspassesfromthe
freestreamintotheprobe.In thetemperatureangefrom500°to 3000°
K thevibrationalspecificheatofmostgaseswillchangewithtempera-
ture. Thisis shownin tableI whichlistsvaluesobtainedfrcmrefer-
ence24. Forthisreasonequation(1}shouldbemodifiedto:
where % is theenergyof thepartiallyrelaxedvibrationalmodetaken
at thetemperatureof.therelaxedmodes.
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DerivationofEquationsfor To
ThetruetotaltemperatureTo is definedas thetemperaturethe F
gaswouldhaveif itwerebroughtadiabaticallytoa stopwithallmodes .,
in equilibrium:
Thisis
As
where
thetemperaturewhichtheprobeispresumed
an aidin calculation,a secondtemperature
2
‘1
(
Tpl-l
Tz,lml+== e~l+ ‘2)
and Tz,~ isnotthetotaltemperaturebutinmany
tomeasure.
willbe defined:
)6,1
(3)
(4)
.
casesiscloseto it. t
In thederivationoftherelationbetweenTo andthemeasured
quantitiesP%,PI,and ~, useismadeoffivefundamentalequations
whichmustbe satisfied. —
Theeqyationof conservationf ener~:
U2 u:
+ %,1 + ~ = %,1 + %,1 + %,1 + ~ = ‘P,lTZ,l+ %,1 + %,1
(5)
Theequationforcriticalflow: —.
dmz dm~
~= o .= (6)
Theequationforentropychsmge:
.
~=/@(&!_) “ (7) ‘“.
.NACATN4026
(4)Therelaxationequation(eq.(2))
(5)Theequation
In ordertofind
tionsaremade:
(1)Thespecific
7
forconservationfmass:
m4 = nlz=A2P2U2= A4P4u4 (8)
a usablesolutiontotheseequations,fourassumy-
heatsvarylinearlyin theform
Ci ()‘i - ‘1=q,l + zci,l~i ~
where$i isa constantand i signifiesanyparticularmode.
(2)Thestatic
by thefunction
(9)
pressureat station2 isrelatedto thatat station1
(10)
(3)Therelaxationtime T is constantovertheprocessin front
ofthenozzle.
(4)At station1 allmodesarein thermalequilibrium:
% = %,1= %,1= ‘%,1 (11)
By usingthepreviousfivebasicequationsandthefourassumptions,
an equationfor To isfound:
1
where
(13}
..
8and
l+ea correctiontomass-flowrateduetorelaxationandspecific-
heatchangewithgaspassingthrougha nozzle
1+6~ correctionto totalpressureduetorelaxationandspecific-
heatchangewhentheflowthroughthenozzleis stoppedand
P~ ismeasured
l+C= To/Tz,1
AppendixB givesa detailederivationofthe
~ +eb. InpartofaypendixB theadditional
N&2ATN4026
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equationsfor
assumptionis
l+caand
madethat
,thequationforcriticalflow(eq..(6))forthefirstnozzleis satis-
fiedbya
Even
criticalvelocitygiven-as-
(57 ‘(%S = ‘TZJ’(T,; + J (%~
WorkingApproximationf l+~a,l+eb,~d l+CC
.
whenmakingan assumptionas tothevelocity(eq.(14)),the
CCIQpUtatiOnof 1 + &a and 1 + sb by thesemethodsisstiiltoocomplex ,*-
tobe ofanyuseto theengineer.A workingapproximationwasfound
thatappearsadequatelyaccurate.
Whencomputingsa and ~b fromtherelaxationequations,the
variablesZa,~b> ra~and rb appear.!I!hesevariablesarederivedin
appendixB andaregivenby —
(15)
(16)
ThevelocityprofileUjul usedto calculateZa and ra IStkt
withflowthroughthenozzle.Thevelocityprofileusedto calculate
~ and rb isthatwiththeflowinthenozzlestopped. 1-
~CA TN4026
Withassumed
valuesof $ are
9
vsluesfor
‘% .=d %,1 thespecificheatsand
computedfromtabulated-ata(ref.24)orfromtables
I and11. tievalueof uJu~ is computedfranequation(13].Then
12a iscalculatedfromtheformula:
where
puted
where
(17)
‘a,U ‘d ‘a,R arethetwoextremesof Sa,and 2a is com-
fromthevelocityprofiles(eq.(14)).Thefunctio~ ca,R ad
canbe calculatedfromthefollowingequations:
9
‘au=(-rhw-’
u,
OZ,2=
R~
.
‘-
%,2=% ‘ ‘Cp,l+ R% ‘+el
2
(18)
(19)
(20)
(22)
where
‘~’ *CB,l + ~cp,l~p+cB,l*B~(Z&,) CPJ,CP,l+ CB,l (23)
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.()Cplh.l> (31
8R,2= % Cp,l+ RBR
Thecurvefor
‘b isgivenby
and
where
and
where
+ 91
Gb = ~b,u + (1-~ ‘rb)(’b,R-’b,u~
2CP,1
‘bU=(*) R (*Y”- ‘
( ‘P 1 -12Tz,l=e~l+ ‘2 )Mz,l
2C*~
‘,’=(%)R(as”-’
(24) “_
(25}
—
(26)
(27)
.
(28) ,
(29)
(30)
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usingtheassumptioneqressedin equation(9)~a relation
maybe writtenin thefollowingmanner:
l+ &c= CPJ1k-a
c’+‘“(?-‘FY+ ‘1‘zjl
(32)
for
(33)
usingtheaboveequationscomparisonsweremadewiththemorecom-
pl~ formulasoutl$.aedinappendixB. Theaboveequationsareshownin
appendixB tobe”acdlxratein theregion0.3< Ml C 1.4. Modifications
of theaboveformulasfortheregion1.4< Ml < 2.0aregiveninappendix
B (eq.(B58)). M1OW Ml = 0.3,u2/ul cannotbe assumedconstant.
OtherCorrections
Specific-heatratio.- H in thecomputationf h(Tp,l)/h(T4)s~e
othervalueof”T wasusedinsteadof VP ~,a correctioncanbe madeof
>
(34)
Dischargecoefficient.- Inallthe~reviousderivationstheeffec-
tiveareas A wereused. Theseaxeasareequalto thedischargecoef-
ficientmultipliedbyfid2/4.Thedischargecoefficientisaffectedly
thermalrelaxation.By usingreference23,an estimateoftheerrorin-
ducedby neglectingthischangewascalculated.Themaximumerrorvaried
frcm0.04percentat Ml = O to -0.2percentat Ml = 2.0. Thus,this
effectmaybeneglectedoverthersmgeofvelocitiesandtemperatures
consideredinthisreport.
Dissociation.- Inall.thepreviousderivationsandequationsit
hasbeenassmedthatthespecificgasconstantR wasthesameat both
nozzles.Above2000°K, dissociationf thegasproductsofcombustion
‘-
N/WATN 402612
makethis
ti.on(12)
To
where.
.
assumptionfalse.If differencesin R areallowed,equa-
shouldbe rewrittenas -A. d—
‘4 -%l+&e=~=—
~ A* (36)
Valuesof e= forthreecombustionprocessesatnormalatmospheric
pressureareshowninfigure4. ThevaluesinthisfQure werecalcu-
latedfrm reference25assumingthat f34<1500°K. Below2000°K,
dissociationeffectsarenegligibleatatmosphericpressure.TQequanti-
ty l+ee maybe calculatedforotherpressuresandgascoustituentsby
usingthedissociationconstantsfoundinreferences25to 27ormay_be
obtainedgraphicallyintherangeofpressuresof1/4to 100atmospheres
by usingreference26. Thecompositionf airatvsriouspressuresand
temperaturesup to 24,000°K c= be foundinreference28.
Theeffectsofdissociationuponthespecificheatsandtheentropy
includenotonlytheenergiesoxeachconstituentbutalsoincludethe
ener~ ofdissociation.Theeffectof suchinclusionsuponthethermo-
_c Propertiesofa diatOdCgasaregivenin reference29. Such
effectsmustbe includedinthedeterminationf &a and Sb.
Thenextquestionthatarisesatpresentcannotbe answeredwith
anydegreeofcertainty.Tbisconcernsthedissociationrelaxation
timesofthemolecules.Ifdissociationis thoughtofasa largeen-
harmonicvibration,itwouldbeexpectedthatthedissociationrelaxa-
tiontimeswouldbecomparabletothevibrationalrelaxationtimesat
temperatureswherethereisappreciable(e.g.,10percent)dissociation.
Thedeviationofthevibrationalrelaxationtimeof ~gen fromthe
theoreticalcurveat hightemperaturesmaybe givenas evidenceofthis
(fig.5). However,thisis contradictedbytheoreticalvaluesobtained
by usingreferences30and31.
Forthisreasontheregionabove2500°K isusuallyavoidedinthis
report.Allexperimentaldataconcerningdissociationrelaxationshould
be investigatedbeforemakinganycalculationsina temperaturegion
ofappreciabledissociation.
OthermethodsofmeasuringP%.- Thepretiousequtionsarede-
rivedwiththeassumptionthat ~ ismeasuredlystoppingtheflowin
b’
—
—.
.
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thepneumaticprobe.If themeasurementismadeby anotherprobein the
movinggasstresm,theequationsfor l+&b canstillbe usedwiththe
VahE3 Of ~~ ~d rb fortheprobeusedin theequations.However,
if ~ ismeasuredintheplenumchsmberbeforea supersonicnozzle
(~ S Po),and,sinceinthederivationPZ,~ wastakenbehinda super-
sonicshock,anadditionalcorrectionto
‘z,1 mustbemadetoaccountfortheentropyrisethroughtheshock:
(%Y’&r=’+&b
wherefromequation(8)andreference32:
(37)
(38)
and
1+
P
( ‘
rp 1+12
) (
2
‘) I
~Tp,l~,1- Tp ~ + 1 M-p,1
a .
PI 2 %,1 rp,l+ 1 ,%,1>1
(39)
( ?-P1-12 ) /CP,lR‘zjl5 =1+ ‘2 %)1 ,~,1<1
APPLICATION
DeterminationfRelaxationTimes
In ordertousethepreviousfozmulasindeterminingthetotaltem-
perature,it isnecessarytofindtherelaxationtimesofthevarious
components.Therelaxationtimedependsuponthetemperature,pressure,
andthespeciesofmoleculesco~ding, Therelaxationtimeofvarious
moleculeswhencolJM_ingwithanothermolecularspecieswitha partial
pressureof1 atmosphereis shownin figure5 asa functionofthetem-
perature.Thedatashownweretakenfromreferences3,4, 6, 7,11,and
18. Someofthesedatawereoriginallypublishedin theformshown,
otherdatawereconvertedfromthenumberof collisionsrequiredto
14 NACATN4026
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obtainequilibrium.Theconversionwasmadeby usingtherelation
T = (n~berofcollisions}/(ccIllisionrate)andhy computing thecollision
rateforcollisionsbetweenhardspheres(ref.33). Dataon oxygen- .
nitrogenrelaxation(notshown)maybe foundinreferences4 and11.
In extrapolatdmgthedataforcollisionsbetweenmoleculesofthe
samespecies,usewasmadeoftherelationfirstpresentedby Landau
andTeller(ref.34)andexpauledby BetheandTeller(ref.1):
aBp-1/3
ZJ a & e (40)
d
(shownby solidlinesinfig.5)where~i,j is therelaxationtimeof
moleculei dueto collisionswithmoleculej ad pj isthepartial
pressureofmoleculeJ.
Ithasbeenfoundexperimentallythatforcollisionsbetweentwo
differentspeciesthenumberofnecessarycollisionsisusuallyalmost
independentoftemperature.Forthesecasesextrapolationcanbe made
usingtheperfectgaslaw(ref.33]:
(41) .
(shownby dashedlinesinfig.5). ,
Ina gasmixtureitmayalsohappenthatthevibrationalmodesof
a molecularspeciesarerelaxedby morethanonetyyeofcollision.For
example,as seenin figure5, therelaxationofnitrogenbybothnitro-
genandwatermustbe considered.In suchcasestherelaxationtimeis
givenby
(42)
as thecollisionprocessesareparallel.
Figure5 showssomedisagreementbetweenthetheory(eq.(41))and
theexperimentalresultsfortherelaxationof carbondioxideby water.
Muchofthiscanprobablybe attributedto experimentalerroras relaxa-
tiontimeswereobtainedfrandifferencesinrelaxation.Thedeviation
ofthedataforoxygenrelaxedby o~genfrcnntheory(eq.(40))maybe
—
attributedtoenharmonicvibrationordissociation.
i
Inalltheabovederivationsandformulasit hasbeenassumedthat .-’
therelaxationtimeis constant.Infactjhowever,therelaxationtime
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isdependenton
sucha variable
thetemperature~ andthestaticpressurep. Useof
relaxationtime,however,wouldmakethecomputations
moretediousthantheyalreadyare. BelowMach1 andat temperatures
above1500°K thefree-streamtemperatureandpressurewillgivea fairly
accuraterelaxationtime. Thisistruebecausethepressureandtemper-
aturewillnotvaryappreciablybelowa free-streamMachnumberof 1,
andin thetemperatureangeof interest,thevalueof ‘r doesnotvary
greatly.
At supersonicspeedsthissimplificationwillnotbe valid.Here,
alltherelaxationeffectstakeplaceaftertheshockwave;whenthe
velocityis onceagainbelowMach1,pressureandtempemturewillagain
varyinappreciably.Thus,forspeedsaboveMach1, thetaeratureand
staticpressurewhichshouldbe usedtodeterminetherehxationtimeare
thoseofthestreamafterthebowwave. DenotedbythesubscriptT,
thepressureandtemperaturetobe usedin determining‘c(fromref.32]
(44)
ChoiceofSpecificEeats
Afterhavingdetermined
tionalmcdes,it ispossible
sideredunrelaxed,partially
equationsfor To.
Whetherthevibrational
relaxedependsuponwhether
comparedwiththetimetaken
therelaxationtimesof thevariousvibra-
to determineif suchmodesaretobe con-
rela.xed,or tota12yrelaxedin theprevious
statesofa moleculearerelaxedorun-
therelaxationtime ‘v is shortorlong
forthemoleculeto changeener~ (tf,fig.
. ? 3). Thisfactcanalsobe mittenby usinga relaxationparameter
D/~%+ whichisapproximatelytheratioofthesetwotimes tf[~. Be-
. low D/ul%+= 0.01 the~brationalenergyof themoleculeis “frozen”
16
at theinitial
respectively.
value,and Sa and eb areequalto ‘a,u
Above D/ul%+= 100 thevibrationalener~
culeisin equilibriumwiththeothermodes,and &a and
NAC!ATN4026
,
and ‘b,U}
ofthemole-
.
&b havethe
valuesea,R and ‘b,R. ~us, whenconsideringa gasmixture,thevi-
brationalspecificheatof’thoseconstituentswhichhaverelaxationtimes
suchthat D/uI’+<0.01 willbe giventhedesignationCX,andthese
vibrationalspecificheatstillnotbe usedinthecomputationfcBj
CP)Tz~1 + &a,or 1 + Cb. However,theywillbe includedin c when !
cmputing To and 1 + Sc. $
Whena relaxationtimeis suchthat D/ul’c+> 100,thesevibrational
modeswillbe comideredfullyrelaxed,andthevibrationalspecific
heatsoftheirmodesareincludedinthespecificheats Cp and c in
allcalculations.
Vibrationalspecificheatswithrelaxationtimessuchthat 0.01<
D/UlT+~100 aredesignatedCB andusedinallcalculationswhichin-
clude cB>c,$B)and To.
Morethemonegasconstituentmayhavevibrationalmodeswithinthe .
region0.01< D/UlZ+<100. If‘therelaxationtimesdifferby lessthan
a factorofaboutthreeorfour,thespecifich=-tsmaybe groupedto- P
getherwitha
both 1 + &a
Oncethe
commonweightedrelaxationtime.Thiscanbe donebecause
and l+&b areslowlyvaryingfunctionsof D/UlT+.
ProbeShapesandVelocityProfiles
extremevaluesof ea and ab arecalculated,itbecmes
necessaryto insertin theequationsfunctionsofthevelocityprofiles
(eqs.(16),(17),and(25)).
A numberof tifferentprobefrontshapescanbe used,depending
upontheapplicationfthepneumatic-pro_bepyrometer.Someofthe
possibleshapesareshowninfigure6 withmeasuredvelocityprofiles
fortheseshapesat Ml s 0.7(u2/u~ 1.37).Theprobefrontshapes
—
varyfromflat(probesA andE) topointed(probeC)w-~letheconstric--
tionshapevariesfrcma longnozzle(probeE) toan orifice(probesC’
andD). Theresultantvaluesoftherelaxationfunction(ul/u2)2Zaob-
tainedfrcmtheseprofilesareshowninfigure7 asa functionofthe m
relaxationparameterD/ul?+.IntheregionD/UlT+c 2 therelaxation
cue dependsprimarilyupontheexteriorprobe“shape,whilefor
D/UlT+
.W
> 4 thecurvedependsupontheshapeoftheconstriction.
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Theprobeshapeusedhereinisrepresentedby probeA infigure6.
Thesubsonicvelocityprofiles(showninfig.2)weremeasured.Above
sonicfree-streamvelocitythevelocityprofileswereobtainedby using
reference35andthemeasuredsubsonicprofiles.Theresultantvalues
of (uJu.J%a and(ul/u2)2rareshowninfigures8 and9 asfunctions
oftheparametersU2/Ul and D/U@. !!?heVahZeSOf ~b and rb are
showninfigures10and11asfunctionsof D/UlT+and Ml.
Rather
UseofCorrectionFactorsto
thanmakeallthepreviously
CalculateErrors
outlinedcorrections,theuser
ofa pneumatic-probe~ometer maypreferto.makecertainasstitions
as to thestateofthermalequilibrium.Thus,itwouldbe of~terest
tofindtheerrorin thecalculatedtemperatureifvariousassumptions
areused,asfollows:
MethodI. - Calculaterelaxationtimes,andafterfindingthevar-
iousvaluesof D/UlT+assumeau modeswith D/UlT+<100 areumre-
laxed.Thenusetheformula:
TheerrorinthecalculatedT1 is
MethodII.- Calculaterelaxationtimes,and
variousvaluesof D/ul%+assumeall
fullyrelaxed.Thenusetheformula:
modeswith
Then,theerrorin T1l isgivenby:
To
‘TII=G
+ ‘b
‘o
a
afterfinding
D/ulz+>0.01
.+ &c +ed+ee
(45)
(46)
the
are
[47}
(48)
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where
Tz,l
‘+’’=%#
Method111.- Assumeallthemodesareunrelaxed
* To andthat Tp,l“ r4/thenusewe
()A2P~2 xT1ll= — T4A4P~
Theerrorisgivenby: .
To -
‘III
e CaTo +eb+e~+
where
“’d=!%-+
MethodIV.- Anothermethodthatcanbe
of “effectivey“ fortheprocess.Then
Tm .()A2P~A4P~
where
NACATN4026
.
(49) -
totheextenthat z
(50)
(52).
.“
usedistoassumesomesort
w
\
(53)
(54)
Comparisonofmethods.- Thegeneralshapesoftheerrorcurvesas
a functionofa relaxationparameterD/’T+~~l areshowninfig-
ures12and13. In ordertocalculatethesecbes thefollowingassump-
tionsweremade: cp,l/R.4.0, C1/R=4.5jandcl/R=3.5. ~ePa~-
.
eter,diameterdividedby relaxationtimemultipliedby free-stream
sonicvelocity,D/T+~~~ isusedtoplacethe
ordinate.A displacementofthesecurvesupwardor
pettedfrmuchemgesinheatcapacities.
curvesona common
downwardmaybe ex- .
.
..
.
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By usingthecurvesinfigure12asa guide,thefollowingtabula-
tioncanbemadeofthe“best”meth~ tobe usedineachregionofre-
laxation.For MT< 0.5:
<10,methodI
>10,methodII
<1O and (Cp,l - C4)/cp,l< 0.05,methodIII
>lc) and (cl- C4)/C1< 0.05jmethod111
Above Ml = 0.5,eitherD/#~~ or D/ultimybe usedto de-
>
terminethebestmethodby usingtheprevioustabulation.
Thevariationof effectiveT infigure13withMachnumbershould
benoted.ThewayinwhichthistermvarieswithMachnumberdependsto
a largeextentupon
Since 1
todetermine
Tofind
inappendixB
Tofind
+ea
IQ2l
thedegreeofrelaxation.
OtherApplicationsofFormulas
is therums-flowratecorrection,itcanbe used
(33),and(37;.
~ asa functionof
andequation(17).
m2 as a functionof\
since 1 +~b is thepressure
usedto determineP;.
Tofind P: intermsof Pz,l
(25}.
PZ,I and Tz,l,useequation(B25}
PO and To,useequations(B25),
measurement
and Tz,l,
Tofind P1 in termsof PO and To,use
(33),and(37}.
correction,itcanbe
useequations(B42)and
equations(B40),(25},
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LimitationsofEquations
Theformulasin thetextandinappendixB canbe usedfora number .
offlowprocessesbesidesthoseofthepne-tic-probepyrcaneter.There
are,however,certainlimitationstotheunmodifiedapplicationfthese
formulas.
(1)Above4000°K thedissociationrelaxationtimesofnitrogenand
oxygenbecomeshortenoughtobe comparabl.tothevibrationalrelaxa-
tiontimes.
“t
(2)Whenthemeanfreepathofthemoleculesbecomescmnyarableto
thenozzlediameter,thecontinuousflowequationsareno longerappli-
cable.
.. .
(3)Above M, # 2.0 theriseinentropyacrosstheshockis ofsuch
magnitudethattheuseoftheexpansion~a=~
(4}Whentheequationsareusedtocalculate
(s~ersonicdiffusers)and Ml>2,therelaxation
sideredconstant,andtheevaluationmustbemade
(5)Above Ml s 2 thespecificheatsofthe
sideredas s~ly as in equation(8]. ‘
-A8 becomesdmibtful.
longnozzleflow
timescannotbe con-
stepwise.
processcannotbe con- .—
Fortheabovereasonstheupperlimitofusefulnessoft eseequa-
>
tionswhenusedwithpneumaticprobesis givenby pls 3X1O”9 atios-
phere,Ml <2, and(31<3000°K. Theseformulascanpr~bablybeused
—.
withduecautionforestimationpurposes
Ml = 4,and el= 4000°K.
ImAMPms
By usingthepreviousequationsand
to PI = 3xlo-’atmosphere,
theequationsintheappendixes,
threeexsmrpleswillbe shown.In calculatingVa.1.UeSof ~a and ~b the
measuredprofileswillbe used;thus,theresultshownarefora probe
witha shapesimilartothatshowninfi~e 2 (orprobeA offig.6)
witha 4-to-1probe-to-throatdiameteratio.
Example1,RroductsofCauhstionofa HeavyHydrocarbona dAir *
Thecomputationfonepointinthis_~ple is showninappendix
c. Figure14 showstheerrorby usingthefourmethods.As thefree-
streampressurewasassumedatmosphericandthetemperaturewasassumed
.
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tobe 1500°K, alldissociationeffectscouldhe neglected.Thecurves
areplottedas a functionofthefree-streamMachnumberMl. Thevalues
of specificheatsand $ usedsrethosegivenintables1 andII.
Thisexampleisof spcialinterestbecauseoftheexperimentaldata
availableatpresentontheuseofpneumaticprobesinmeasuringtempera-
turesinhydrocarbon-airflames(refs.21to 23). Thecurvesinfigure
14 substantiatehegenerslconclusionsforthisshapeofprobedrawn
fromthepreviousfigures.
Inreference21methodXIIwasusedandwasconsideredaccurate.
However,theprobeshapesofreference21andthisreportweredifferent.
Theratioofprobediametersinreference21wasashighas 8 to 1, and
theconstrictionusedwasanorifice.Thus,comparedwiththepresent
probemerestagnationccurredinfrontof thereferenceprobe,which
madetheunrelaxedportionofthecurvesfor Z longer(seefig.7).
Theresultwasthatthenitrogenmodeswereunr~laxed,andthecarbon
dioxideandwatermodeswerepartiallyrelaxed.Forthisreasonthecurve
forthefirstthreemethods(appliedtotheprobeof ref.21)wouldbe
raisedhigher,probablyby about0.01to0.015,andthedependencyof
thesecurvesuponthefree-streamMachmniberwouldbe less. Thecurve
fortheeffectivey wouldbecomemorehorizontalandwouldhavea value
largerthan Tp ~. l?romfigure7 inreference21it canbe assumedthatthe .
measuredtemper~tureswereaccuratetowithin2 percent.Theraisingof
theerrorcurveswouldplacethecurveformethodIIIwithinthislimit.
Inreference23aneffectivey whichisvaied from y4 at
‘1 = O to yl at M = 1.0 isused. Thecomparisonbetweenthecalcu-
lationsas showninfigure14andtheresultsofreference23 shouldbe
directasthesizesandshapesoftheprobesaresimilar.Whilethe
trendintheeffectiveT giveninfigure14 isthesameasthatgiven
inreference23,themagnitudeofthechangeisdifferent.Sucha mag-
nitudeof a changeineffectiveT infigure14 couldonlybe accomplished
iftherelaxationtimeswere100timeslongerforwaterandcarbondioxide
thanthatgiveninfigure5..Thus,thisdiscrepancyanonlybe attri-
butedto othereffectsnotconsideredinthispaper,probablyheat-
transfereffectsat lowMachnumbers.
In spiteofthesedifferences,figure14 showsthat,becauseofthe
highpercentageofnitrogeninthecombustionsystem,theuseof anyof
thefourmethmlsdoesnotentailanylargeerrorsovera rangeof subsonic
andlowsupersonicMachnumbers.
Example2,SupersonicFlowofCombustionProductsofAmmoniandOxygen
Figure15 showstheerrorswhenthevariousmethodsareused. Again,
theerrorsareplottedas a functionofthefree-streamMachnumberMl.
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Forthiscaseatmosphericpressureisagainassumedalongwitha free-
streamstatictemperatureof 2000°K. Effectofdissociationisonce
moreignored(seefig.6). Theprobediameterassumedwas Ds3/4 inch. .
Inthisexamplethevibrationalmodesofwatercouldbeconsideredrelaxed
as D/ul%+>1500.Thevaluesof D/ul’+forthenitrogenrangedfrom9
to 25. Becauseofthelargechangesintemperatureand,thus,specti-ic
heatsattheseMachnumbers,thevaluesof $P and $B werecalculated
fromreference32 by usinga lar,gertemperatureangethanthatusedto
obtaintable11. l’+
Thisexampleisof interestbecauseit showswhatmayhappenasmore b
complexpropellantsandhigherMachnunibersareused. AsthehigherMach
numbersarereached,bothmethodsII andI areinerror.
Thedownward displacementoftheerrorinmethod11mustalsobe
noted.Thisdisplacementisduetotheuseofthefree-streamrelaxedT
inmethodIIwherethe T oftheprocessismoreneerlythe y given
by thespecificheatsbehindtheshock.
Example3,EffectsofRelaxationonCri~icalVel.ocity
Figure16 showstheeffectsofrelaxationonthecritica~velocity *
inthefirstnozzle.Becauseoftheassumptionof constantcritical.ve-
locity,theapproximatem thodscannotbe used. Eowever,thecritical
velocitieswerecalculatedforsomeconditionsby usingtheiteration 8
method.Figure16 showsthatthetransitionfromtheunrelexedcritical
velocity%,2 tothecriticalvelocitywithcompletethermalequilibrium
isnota smoothone,especiallyintheregionMl=l and D/UlT+<10.
CONCLUDING~
Equationsrederivedwhichevaluatetheeffectsof thermalvibra-
tionalrelaxationandspecific-heatchangesonpneumatic-probepyrometer
measurementsintheregionto ~“ K andMachnumbercZ.O. By USing
thesederivedequations,a simplerworkingsetofequationsisgiven
whichareshowntobe adequatelyaccurate.
Methodsaregivenby whichtheresultsoftheseequationsmaybe
usedto determinetheerrorintemperaturem asurementifdifferentas-
sumptionsaremadeastothestateofthermalequilibriumofthegasin
theprobe.By usingthesemethods,examplesaregivenfora typical
probe.Differentassumptionsmustbe made,dependinguponthevelocity,
probesize,andgasconstituents.Theresultsareinpartialagreement
withtheexperimentalevidenceobtainedinotherreports.
?
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Therebxationerrorentailedby usinganyofthemethodswillnot
be largeforthecaseofhydrocarboncouibustioninairintheregionof
free-streamstatictemperature<2500°K andfree-streamMachnumber<1.2.
Thecalculationfonepointinoneexampleisgivenas a sample
calculation.Thelimitationsoftheequationspresentedandcorrections
fordissociationarediscussed.Theeffectofpartialrelaxationupon
thecriticalvelocityisalsoshown.
LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics
Cleveland,Ohio,May13,1957
.
.
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APPENDIXA
.
SYMBOLS
effectivenozzlearea
coefficient
specificheatat constantpressure,@E/b8)p
probeoutsidediameter
nozzle-throatdiameter
thermalenergy(enthal.py)
coefficient
*
h(T}
()= r’+~
‘-1 (eq,.(13])
Machnumber
molecularweight
mass-flowrate(eq.(6))
p61ytropicgasexponent(eq.(10))
totalpressure
staticpressure
specificgasconstant
entropy
totaltemperature
truetotaltemperature( q.(3))
time
timeatpointof criticalflow(eq.(15))
velocity
.
.
.
..
.
.
4026
exponentialcoefficient(eq.(40))
correctione~onent(eq.s.(18),(22),(27],@ (31))
relaxationintegral(eq.(16))
ratioof specificheats,c/(c- R)
correctionfactor(eq.(12))
statictemperature
density
relaxationintegral(eq.(15))
relaxationtime(eqs.(1)and(2))
CP,lmodifiedrelaxationtime,T
CP,l+ ‘B,l
Subscripts:
eff
i,j
0,1,2,
3,4
1,11,
111,IV
effective
modeofmolecular
particularmode
positioninprobe
25
species(usedwith c,T, and ~ to denotea
or speciesina generalequation)
as showninfig.1 (usedwith A, c,E,M, P,
P) T)u>r, e,and p to denoteat-which
thequantityistaken)
calculationmsthod(usedwith T to denote
totaltemperatureiscalculated)
p~sicti@sition
methodby which
Thefollowingsubscriptsareusedwith e, 2,and r todenotetypeof
correction:
a criticalflowcorrection
b total-pressuremeasurementcorrection
c correctiontotruetotaltemperature
d y correction
e dissociationcorrection
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‘I!hefollowingsubscriptsareusedwith c,E,M, P,p, T,8,and ~ to
l
denoteassumedrelaxationstateofthevariables:
.
B vibrationalmodewhenpartiallyrelaxed
P relsxedmodeswhenpartiallyrelaxedvibrationalmodeispartially
relaxed
R relaxedmodeswhenpartiallyrelsxedvibrationaltie isrelaxed *Q
u
b
relaxedmodeswhenpartiallyrelaxedvibrationalmodeisunrelaxed
I
x relaxedmodes
z relsxedmodeswhenpartiallyrelaxedvibrational.modeisunrelaxed
andspecificheatssreindependentoftemperature
Superscripts:
B,P, temperaturestate(usedwith E and O to de,~tetemperatm$
R,U stateatwhicha modeistobe tskenwhenthattemperaturestate
isnotthatnormallyassumedby themode)
* measuredquantity(usedwith P,T,@,0,and p todenotea .
measuredquantityand/ora quantitywhenflowthroughnozzleis
stopped)
—.
*
. .
.
.
,
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AEPENDIXB
PNEUMATIC-PROBEPYRCME’IEREQUATIONSWITHRELHATION
.
1~findingtherelationsbetweenthemeasuredquantitiesP~,T~,
and P4 andthetotaltemperatureTo,fiveequationsmustbe s=tis~ied:
(1)
(2)
(3)
(4)
(5)
Energyconservation(eq.(Bl))
Criticalflow(eq.(B6))
Entropy(eq.(B8)
Relaxation(eq.(2))
Conservationfmass(eq..(B43)
Inorderto obtaina workablesolutionto
assumptionssremade:
(1)Specificheatisa linesrfunctionof
.
thesefiveequations,four
temperature:
Ci = Ci,l+ Zci,lwi (eJel- u
(2)Staticpressuresandtemperaturesarerelatedby
l
.
P,2 U/n-l
r)
.= B
e
‘1 1
(3)Relaxationtime ‘c isconstant
(4)Allmodesareinequilibriumat
overtheprocess.
station1:
‘1=‘P,l‘eB,l = ‘X,1
Ener~,Velocity,andMassFlow
Theequationfortheenergyatstation2 (eq.(5))iswrittenas
2 u:
% 2 + % 2 + %,1,+ ~=EP,l + %,1 + %,1 + y=cP,lTz,l+ %,1 + %,1) Y
(Bl)
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s
or,by solvingfor U2:
2
= 2C
(
%J ,%1 - !8,2 ‘P,2
‘2 P)lel 81
‘P,lel )- Cp~el)
Fromass~mption(2)
CP,l n
%$=(%+R(#-y-’
whereTorsupersonicgasflow PV ,
By usingequation(B3)the
@bstituting
istakensf’terthebowshock.
mass-flowrateisgivenby
(B2)
(B3)
.
equation(B2)into(B4)andcollectingtermsgive .
(B5)
Critical.FlowandEntropy
Forcriticalflow dm2/dp2= O (eq.(6))orbecauseof assumption
(2),
am2/aep,2 = o (~6)
Thus,by differentiatingequation(B5),thefollowingequationis
obtained:
-f ) 22,1+4%,1-%,2 n+l %,2 -() a(E-pJcy,leP,2J-2 %Jen-l el CP,l% n-1Cp,lel el 1 aep,2
zepz
‘()(‘9P2 Tzl “%1-%8,2-%?,2) dn ep z 1 aEB,2= O(n-1)2ln~ ~+ -~—cp,lel CP,lel ~ el Cp,laep,2
(B7)
*
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Equation(B7)hasthreevarisbles,%,2, %,2, and n. Inorderto elim-
inaten anequationfortheentropychangeisused.Fromequation(7a)
ofreference10orfromtheentropyrelationsofreference6:
.2<=-~2+y=~2~+~-m “
By
in
Usingequation
‘2 nln—=—pl n-1
usingassumption
()
‘P 2
~Rln~= el
.
.
.
(B8)
(Bl)andassumption(2)gives
(1),equation(B9)maybe written:
RelaxationEquations
Ifequations(B5}and(B7)areusedto calculatethemass-flowrate
m2,thev~iables f3B,2and ep ~ mustalsobe determinedas functions
ofthestateofthermalequilibrium.
Thethirdequationwhichmustbe satisfiedistherelaxation
equation
(2)
If itisassumedthat ~/cp = cB,l/cp,lovertheprocess,equation
(2)maybe written:
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where “
T+ CP,l=7 Cp,l+ c~,l
By defining
%R=%J+%,l +%,l=EP+%+~
#=%J+#+q,l
~sEp-t~+~,~
thesolutionto equation(Bll)maybe writtenas
(Bll)
.
~
(B12) 8
(B13)
(B14)
-r
(315)
(B16)
Usingassumption(1)andrewritingtheequationintermsofthefree- *
streamMachnumberMl andthevelocityratio u2/ul give .
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,==[’[&(:~]e(.-tf)/.+dt(B21)
By usingequations(B2),(B7),(B1O),and(B17) a uniquesolution
forthevariablesep,z,eB,z,md U2 forcriticalflowcanbe obtained.
However,sucha solut~onis-atediousprocessrequiringdouble
andusuallynecessitatingtheuseofan electroniccomputer.
Introductionf 1 + Sa
Thefirststeptowardanysimp~ificationor approximation
theequationformass-flowrateinsucha waythattheeffects
imationscanb’~easilyseen.
iteration
istowrite
of.approx-
Ratherthanattemptoexpressequation(B?)intermsof (B1O),
anotherformofequation{B5)canbe used. Thefollowingvsriablesre
introduced:
.
were
with
rp,12
T’p,l+1 ‘Tz,1 (B22)
‘z,1 2 . (B23)
‘1 YP,1 +1
Thesewouldbethesolutionsofequations(B2)and(B?)ifthere
nopemtiallyrelaxedmodes(~ = 0) andno specific-heatchanges
temperature(%,2 = cp,lez,z):
Insertingequations(B1O)and
.
@z,1
‘2= ~q
.
where
2
(2)into(B4)gives
Jh(Yp,l)(l+‘J
l
(B24)
rP,1+1
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, +.a .(&y:.-’(*y’-%J,-=./,
where
andwhere,fromequation(B9),
6.
(B26) --
(B27)
‘“%~’’’()+%:z[:+”B(?B)l-’)l “28’
191
Theequationequivalentto (B7)iswrittenas
a(l +Q
%,2 ‘0
(B29)
!
.
Forthesolutionofequation(B27)itis stillnecessaryto satisfy -
equations(B2),(B7),(B1O),and(B17).Tosimplifythesolutionaddi-
tionalassumptionswillbemade.
Iftheintegralin equation(B1O),whichis equalto -Ma, is
assumedequalto zero,n ad dn/d@p,2maYbe expressedexp~citl.yin
termsof %,2 and ~,z. By usingthemoresimplequationswhichre-
sultfrantheassumptionof ~ = 0,itwasfoundthatsuchanassumption
as totheentropycouldbe usedtodeterminethecriticalvelocityand —
‘a/R atMachnunibersbelowMlthus(1+eale, = 1.4. Suchanassumption
as totheentropyleadstotherewritingofequation(B7)intheform:[(z Tz,l+‘!31 ‘::;?’2-5AM’ -m5%%%)l-
‘9p2 %62 %2
[( )1CP,;e,~ + ~ = 0> )
(B30)
.
.
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wherefromassmption(1)
aEP~
aep~ = Cp,l+ ~*PcP,l(y )-1>
. and
(B31)
(B32)
By usingequations(B30)to (B32),(32),(B17),and(B26),the
‘a/R isfoundforanygivenstat:ofrelaxation.valueof (1+ ea)e
Thiswasdoneusingan iterationprocessonsa IBM650d3.gitalcomputer. .
Someoftheresultsareshowninfigure17.
Alsoshownin thefigureis thefunction(1+&a)e2!Ma/Rwhenthis
is computedby themethodgivenin the
(1+ &a)e2ASa/R=1+6
[a,U+l-
text :
Za
(#J-J2-11 (ca,R-ca,U)(B33)
As is seen,thisisa goodapproximation.
Nextit isnecessarytocanputethefactore-2dSa/R. Thiswas
doneinthefollowingmanner:
InthespecialcasewhereW = 0,ASa canbe rewrittenwiththe
aidoftherelaxationequation(2):
(B34)
where
#
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whichismodifiedtothefollowingwhen
heatwithtemperature:
$)2 c1 %,1~l—
CP,l R a
thereisa change
(B36)
*N
.
in specific 8
Immostcasesequakion(B36)is sufficientlyaccurate.
Ccunbimingequations(B33)and (B36)gives
( Za “) ( )2 CB‘(ea,R- &a,U)- ~ ‘$ $~ a‘a = ‘a,U + 1- (u2/ul)2- ~
andrepeatingequation(B24)resultsin
?2
valuesof (ul/llJ%a asa functionof D/ulz+
showninfigures7 and8. Valuesof (uJu2)4raas
D/ul~+and U2/U1 areshowninfigure9.
(B38)
(B24) -
and u2/ul are
a functionof
Theflowintheprobewasstopped,and P: wasmeasured.This
measuredvalueof P2 isusedintheequationformass-flowrate(eq.
(B25)~whichisnowwritten:
(B39)
.
.
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where
(B40)
or,by usingtheentropyequation(B9)andtheformof (B26)and(B28)
where
(B41)
Sinceit isnotnecessarytodetermineu2/~1 forthiscase,!l$
maybe obtainedirectlyfroma modifiedformof equation(B17)inwhich:
(2)Xa isreplacedby ~b
(3)~~ iS replacedby‘bb
By usingtheequationforconservationfenergy~*,2 is deter-
mined.~us~ ~, %,2, and 13*canbe calculated.
Thecorrectionequation(25}maybe obtainedinthefollowing
msnner:
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Forthespecial
theentropyequation
P; 2
In—-=
~
PI =
NACATN4026
.
caseof * = O thepressureP; is obtainedfrom
(B9):
.
(B44)
CB ()‘eB &-*+
Usingoncemoretherelaxationequation
‘sadexpandingthelasttwotermsinthe
where
(25)aswasdoneinequation(B34)
previousequationgive
(B46) -
.
(B47)
(,48)
The pressure P~/plis givenin thefom A + B @~ + ,b)which,
wheninsertedintoequation(B40)andin turnnormalizedfortheex-
tranes,isthesameas equation(25):
(25)
.
Thecalculatedvaluesof rb areshowninfigure11asa function
of D/ul%+and Ml. Inthemge 0=3< Ml < 1.4 tieva~uesof ,b l
fordifferentspecificheatswereequaltowithin10percentof those
shown.
..
.
*
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Figure10 showsthecalculatedvaluesof Zh asa functionof
‘Zb calculatedfromD/ulz+.A comparisonofthefunction(1+~b)e
equation(B41)
mentisgood.
37
andfromequation(25)is shownin
FlowthroughSecondNozzle
figure18. Theagree-
Thesecondnozzleisusedasa methodofmeasuringthemass-flow
rate. Ifit isassumedthatthegastemperatureat thisnozzleis low
(83<503°K),theusualequationsforcriticalflowthro@ a nozzle
canbe used(refs.19to 23):
or
FinalEquation
Ifmassisconsenedthroughtheprobe,
m2 = m4
Equations(B39)and(B42)areconibinedtoy!.eld
() h(rp~)Tz,l = # &~(l+&a)(l”b)P,4
(B49)
(8)
(B50)
(12)
where
‘ol+sc=—
Tzj1 (B51)
Above Ml ~ 1.4 theentropychangeASa canno longerbe treated
asa correctionto thefunction1 + sa becausethisentropyrisewill
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.
changetheratio uJul as foundfromeqtitionsassumingA8a= O. The
velocityratiosmay,befoundby usingas endconditionsthevelocity
ratioscalculatedby theformulasofreference32forconstantspecific .
heats:
(B52)
Thiswasdoneforthepoiutscalculatedinfigure17,for %,1 = 2.0,
andforthesupersonicvelocityratiosshowninfigure16. As is seenin
figure17theapproximationf 1 + c~e+a givenbyequation(B32)is
stillgood. .
Tofind e+’ anothersimp~fy~ assumptioncanbemadefor
Ml >1.4. Inthisregionalmostalltheentropyriseis dueto thebow
shock,ti, thus,r= canbe calculatedfortheno-l shockalone.‘Also,
aboveMl = 1.4 andwhen D/ul’r+>1.0,ASa* ~. Forthesereasons,
ea smd ~b maybe cmibtiedto give,for Ml > 1.4: .
[
Za
~a +Eb’* ‘a,U”+1 - (UJU1)2-1 {sa,R-& ~)+&b,u+.
(B53)
Thisapproxhateformulaseem tobe goodintheregion1.4c Ml c2.O.
“
.
.,
.
.
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SAMPLE(MLCUUTIONFORFIGURE14
Given el= 1500°K,P1 = 1 atmosphere,~ ~ . 0.7,gasconsti~ents
of 13.6percentcsrbondioxide, 413.8percentwa er,and72.6percent
nitrogen,a probediameterof 1.27centimeters(1/2in.),and 13B<500°K.
First,itisnecessarytoestimatethevalueof D/UlZ+of all.the
gasconstituentssoasto decidewhichvibrationalmodesaretobe con-
sideredrelaxed,partiallyrelaxed,andunrelaxed.
Addingthespecificheatby usingthepercentagecompositiona dthe
valuesgivenintableI gives
cl/R= 4.760,T1=
%%,1
1.2650,@R = 3.797,and Y4~1.386
-1 = 7.4X104c@ec9
Dividingtherelaxationtimesinfigure5 by theproperpsrtialpressures
gives:
‘N2-N2= 340x10-6sec (usingeq.(40))
%2-H20= 36x10-6sec (usingeq.(41))
“’r*, Y 33X10-6sec (usingeq.(42))
‘2
= 0.29x10-6sec%02-C02 (usingeq.(40))
‘C02-H20= 0.14X10-6sec (usingeq.(41))
‘“‘C02s0.09X10-6sec (usingeq.(42))
‘H20~0.05X10-6sec (usingeq.(40))
l
(D/u@)H20c340
,40 lWICATN 4026
.
IntheregionO.l<D/UlT+<lOOa modeispartiallyrelaxed.‘Thus,
onlynitrogenwillbe consideredpartiallyrelaxed,whilewaterandcarbon .
dioxidewillbe consideredfullyrelaxed.
UsingtablesI and11or equation(8)andreference24gives
CPR,1 %61 Cx1
= 4.258,~sO.502, ~= ()
*
Cp ~vp
s0.078,CB,lVB=0.122>Cx,l-xR R R =0
~ = 1.0760(usingeq.(27))
@=O.9342 (usingeq.(19))
‘1
(u~~/u~)2=l.945(usingeq.(14)) .)
pUs-0.00513(usingeq.(20))
~U2/61H0.9341 (usingeq.(21))
>
1+ ea,u=l.OOO1(usingeq.(19))
~= 0.490 (usingeq.(23))
1
= ‘a,R=0.9785-(usingeq.(22))
~fi#0.0059(usingeq.(28))
TU 2/01.1.0759(usingeq.(29))/
j3~=0.516 (usingeq.(31))
TR 2/elcxl.0678(usingeq.(32))
.$
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Usingtheestimatedvalueof D/UlZ+gives
(~/U2)2Za’Q.62 (usingfig.7)
(ul/u2)41’a=0.06 (usingfig.8)
22=0.04 (usingfig.9)b
rb=0.27 (usingfig.10)
&a n!0.006 (usingeq.(17))
~ = 0.001 (usingeq.(25))
FormethodX:
To - T1
To =0.007 (usingeq.(45))
Formethod11:
To - T1l
%
=0.023 (usingeqs.(33),(48),and(49))
Formethod111:
To
- ‘III
=-0.025To (usingeqs.(33),(51),and(52))
FormethodIVa graphof T plottedagainsth(T)orthegraphinfigure
11 ofreference23 (whereh(T)e FS(y)2, isused.
‘eff=1.307 (usingeqs.(13),(33),and(54))
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TABLE1. - TRANSLATIONAL
VALUESCO?SPECIFIC
Mode
Translational
plus
rotational
Vibrational
Vibrational
Vibrational
Vibrational
Vibrational
Vibrational
Temperature,
%
500
100a
1500
2000
2500
3000
a
c ()= %*”
PIUSROMTIONALANDVIBRATIONAL
EEATSFORDIEFIWHWPURE
GASES(IDEALGAS VAZUES)
[Dataobtainedfromref.24.1
Tempera-
ture,
%
A l
tempera-
tures 3.50004.00003.50003.50003.5000
500 IL.86710.234510. 57810.239610.083
1000 3.03180.95690.43260.69580.491
‘1500 3.521 1.65260.69190.89750.736
2000 3.7!582.14600.82681.04360.859
2500 3.893 2.47270.90471.18080.929
3000 3.984 2.69450.95451.30620.976
c/R forair
(a)
Alltrans-AllVi- Allmodes Nitrogen
lationalbrationalexceptuitro-vibra-
and modes genvibration-tional
rotational almodes modes
modes
3.4906 0.0959 3.5414 0.0451
3.4906 I 0.9550~ 3.7397 I 0.7059
3.4906 1 1.0203 3.7660 0.7448
46
TABLE11.- VALUESW’SPECll?IC-BIATFUNCTION(IDEALGAS)
Mode Tempera-
ture,
F
~ carbon
dioxide
Carbon
mon-
oxide
0
0.346
0.209
WaterNitro-
gen
Oxygen
o
0.328
0.270
i
cf7Alltempera-tures 0 0FranslationdQUS:otational 0
Vibrational
~ibrational
1500 0.140 0.5440.402
2000 0.093 0.2990.243
~ibrational 2500 0.0690.2700.169
3000 0.058 0.2060.129
0.281 0.151
Vibrational 0.267 0.123
Temperature,
%
* for air
(a)
Alltrans-AllVi- Allmodes
lational brationalexceptnitro-
and mo&s genvibration-
rotational almodes
modes
Nitrogen
vibra-
tional
modes
lsoo 0 I 0.368 I 0.020 0.402
2000
2500
0 I 0.298 I 0.020 0.243
0 j 0.198 I 0.022 0.169
3000 0 0.193 0.024 0.3.29
.
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